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The modelling of anisotropies in the dissipation rate of turbulence is considered based
on an analysis of the exact transport equation for the dissipation rate tensor. An
algebraic model is systematically derived using integrity bases methods and tensor
symmetry properties. The new model differs notably from all previously proposed
models in that it depends nonlinearly on the mean velocity gradients. This gives rise
to a transport equation for the scalar dissipation rate that is of the same general
form as the commonly used model with one major exception: the coefficient of the
production term is dependent on the invariants of both the rotational and irrotational
strain rates. The relationship between the new model and other recently proposed
models is examined in detail. Some basic tests and applications of the model are also
provided along with a discussion of the implications for turbulence modelling.

1. Introduction

It is often asserted that the modelled dissipation rate equation which is used in
conjunction with most Reynolds stress turbulence closures is without theoretical foun-
dation and, as such, constitutes the weak link in these models. In the formulation
of dissipation rate models, the Kolmogorov hypothesis of local isotropy is routinely
invoked (cf. Hinze 1975). This hypothesis — which states that in the limit of infi-
nite Reynolds numbers the nonlinear scrambling of the cascade process eradicates
anisotropies in the small scales — is unproven and can be debated (see Durbin &
Speziale 1991 and the contrasting views of Saddoughi & Veeravalli 1994). How-
ever, one fact is incontrovertible: the preponderance of results from physical and
numerical experiments indicate that at low to moderate turbulence Reynolds num-
bers there can be large anisotropies in the dissipation rate. For example, physical
and numerical experiments on homogeneous turbulence for Taylor-microscale-based
Reynolds numbers R; in the range of 10-50 (see Tavoularis & Corrsin 1981 and
Lee & Reynolds 1985), indicate that the anisotropies in the dissipation rate tensor
are more than half as large as those in the Reynolds stress tensor and, therefore,
cannot be neglected. Nevertheless, in the logarithmic region of a turbulent boundary
layer — which starts at y* = 30 where R, ~ 30 — Reynolds stress turbulence closures
that neglect anisotropies in the dissipation rate are routinely applied. This is just one
example of the type of inconsistency that establishes the motivation for the present
paper.

In this paper, an analysis and systematic derivation of a model for the anisotropic
part of the dissipation rate tensor of turbulence will be presented. The starting
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point will be the exact transport equation for the dissipation rate tensor, simplified
to the case of homogeneous turbulence. It will then be closed by modelling the
higher-order correlations based on two major considerations: exact tensor symmetry
properties along with the assumption that the anisotropies in the dissipation rate
are sufficiently small so that nonlinearities in these terms can be neglected. An
implicit algebraic system of equations for the anisotropy of dissipation will then
be obtained after the same type of local equilibrium hypothesis is invoked as that
which gives rise to algebraic stress models (ASM) for the Reynolds stress tensor
(see Pope 1975 and Gatski & Speziale 1993). The solution of this implicit algebraic
system by integrity bases methods leads to a new algebraic model for the anisotropy
of dissipation that differs from all previously proposed models in one notable way:
it is nonlinear in the mean velocity gradients. Since the pressure—strain correlation
depends linearly on the mean velocity gradients in homogeneous turbulence, this calls
into question the commonly adopted practice of modelling together the pressure—
strain correlation and deviatoric part of the dissipation rate tensor (cf. Lumley
1978).

The algebraic model to be obtained in this study for the anisotropic part of
the dissipation rate will then be introduced into the contraction of the transport
equation for the dissipation rate tensor, and will be developed for moderate to
relatively high turbulence Reynolds numbers. This will lead to a more rigorously
based modelled transport equation for the scalar dissipation rate that is of the same
general form as the commonly used model with one notable exception: the coefficient
of the production term depends nonlinearly on the invariants of both rotational
and irrotational strain rates. A model containing a similar nonlinear dependence on
irrotational strain rates was recently obtained by Yakhot et al. (1992) via a heuristic
Padé approximation in an RNG-based K — ¢ model. Comparisons will be made
between the new model and other models containing more ad hoc strain-dependent
corrections that have been proposed over the past two decades (Pope 1978; Hanjalic &
Launder 1980; Lumley 1992). Some illustrative calculations of homogeneous turbulent
flows will be presented in order to test the new model and to gain insight into the
behaviour of previously proposed models. Two more complex applications will also
be considered, where inhomogeneous effects are significant, including a wall-bounded
flow.

2. Theoretical background

The turbulent flow of a viscous incompressible fluid will be considered that is
governed by the Navier—Stokes and continuity equations which can be written in the
form
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where the Einstein summation convention applies to repeated indices. In (1), v
represents the velocity vector, P denotes the kinematic pressure and v is the kine-
matic viscosity. The velocity and pressure are decomposed into ensemble mean and
fluctuating parts, respectively, given by

vi=v4+w, P=P+p, (3)
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where an overbar denotes an ensemble mean. The ensemble mean of (1)—(2) yields
the Reynolds-averaged Navier—Stokes and continuity equations
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where
Tij = Uil (6)

is the Reynolds stress tensor.
For simplicity, we will base most of our analysis on homogeneous turbulence
where all correlations that are built up from the fluctuating velocity and pressure
are spatially uniform. Extensions to inhomogeneous turbulent flows will be discussed
briefly in a later section. For homogeneous turbulence, the fluctuating velocity u; is a

solution of the transport equation
aui au,- aui aﬁi Gp
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which is obtained by subtracting (4) from (1) after making use of the fact that
01;j/0x; = 0 by homogeneity. Of course, (7) is solved subject to the incompressibility
constraint

+ vV, (7)
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obtained by subtracting (5) from (2). We can write (7) in the symbolic nonlinear
operator form

=0 (8)

Nu; = 0. 9)
Then, the second moment
wNuj+ujNu =0 (10)
yields the Reynolds stress transport equation for homogeneous turbulence (cf. Hinze
1975)
) 07; 07;
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In (11), IT;; and ¢; are, respectively, the pressure—strain correlation and dissipation
rate tensor of turbulence defined by
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Models are only needed for I1;; and ¢;; in order to achieve a Reynolds stress closure
for homogeneous turbulence.
An analysis of the Poisson equation for pressure yields (see Launder, Reece & Rodi
1975; Reynolds 1987)
dv
II;j = A;; + Mijklafxi (14)
where, for homogeneous turbulence, 4;; and M;j; are functionals of the energy



158 C. G. Speziale and T. B. Gatski

spectrum tensor. These terms are typically modelled algebraically in the form (see
Lumley 1978; Reynolds 1987; Speziale 1991):

Aij = e ij(b), (15)
M = K A ijia(b), (16)
where K = %Tu is the turbulent kinetic energy, ¢ = %s,»i is the scalar turbulent
dissipation rate and
T — 2K 5
byj=—1—2— 17

is the Reynolds stress anisotropy tensor. The representations (15)—(16) are only
rigorously justified for homogeneous turbulent flows that are near equilibrium (see
Speziale 1996).

A transport equation for the dissipation rate tensor can be obtained by constructing
the moment

Oui 0 (71/!]' 0 N
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For homogeneous turbulence this exact transport equation takes the form (see Durbin
& Speziale 1991)
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In most Reynolds stress turbulence closures, the Kolmogorov hypothesis of local
isotropy is invoked whereby it is assumed that (cf. Hinze 1975)

&jj = %85,‘]. (22)

A modelled version of the contraction of the transport equation (19) is then solved.
This equation, which typically takes the form (see Launder et al. 1975)
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in homogeneous turbulence (where C,;; and C,, are constants), is usually postulated

in an ad hoc manner. The primary purpose of this paper, as elucidated earlier,

is to provide a more systematic treatment of the dissipation rate equation where

anisotropies in the dissipation are accounted for.

E=—

3. Anisotropic dissipation rate model

Our analysis begins with the exact transport equation for the dissipation rate tensor
given by (19)—(21). In order to achieve closure, models are needed for f;j; and Nj;.
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The correlation f;j,, which is a fourth-rank tensor, has a variety of symmetry and
normalization properties which can be listed as follows (see Durbin & Speziale 1991):

fit = fjit = fijis (24)
fijii = fira = fira = fiju =0, (25)
fir = e, fijoxe = 85—;), (26)
where
ouy, Ou,
(c) k k
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is the complementary dissipation rate tensor which constitutes a type of ‘structure’
tensor since it contains information on the dimensionality of the turbulence (the third
invariant of gﬁj) vanishes for two-dimensional turbulence). Here, (24) follows from
homogeneity and the interchangeability of the order of differentiation, (25) follows
directly from the continuity equation and (26) from the definition of ¢; and sg?.
Durbin & Speziale (1991) showed that if local isotropy applies, then

f;/kl 51151(1 15(5ik5ﬂ + 0jkdir) (28)
where fuk, = !fij is a non-dimensional tensor.
The anlsotropy of dissipation is characterized by the dimensionless tensor
& — 25,
dyy =L 374 29
! 2¢ (29)
Similarly, the anisotropy of the complementary dissipation is defined as
() 2
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As with the Reynolds stress anisotropy tensor b;;, both d;; and d?;f) have eigenvalues
that lie between —% and % In uniformly sheared and strained turbulent flows, there
is a wealth of evidence from physical and numerical experiments which suggests
that a structural equilibrium is ultimately reached where b;; and d;; — as well as
all appropriately normalized higher-order correlations — achieve constant values (cf.
Tavoularis & Corrsin 1981 and Rogers, Moin & Reynolds 1986).

We propose to describe departures from local isotropy by the form

fzjk fz;kl(dmn) (31)

where f7;,(0) is given by (28) (when d,,, = 0, (31) reduces to the isotropic form).
For basic homogeneous turbulent flows, such as uniform shear flow, that are near
equilibrium,

ld| ~ 0107 (32)

(see Tavoularis & Corrsin 1981 and Rogers et al. 1986). Hence, it appears that a
linear approximation to (31) should be adequate. The most general linear form for
(31) that is tensorially invariant is given by

f;’kl = 0000k + o1 (0O ji + 010 jk )
+odijdiy + o30kd;; + aa(dpdji + O jdy + dudjx + 0 jidix) (33)

where oy — o4 are constants. After applying the symmetry and normalization con-
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straints (24)—(26), the general linear representation (33) simplifies to
fiw = 15010k — 550 + 000) + (503 + 1Y) i + 0301y
- (%063 + %) (Oudji + O jkdy + oudjx + 0 jdiy) (34)

where o3 is a yet undetermined constant. From the second normalization constraint
(26), it follows that

d) =3 (3o — ) dj. (35)

Equation (35) implies that dﬁ;’) oc d;j; this has some support from DNS results for
simple turbulent shear flows (cf. Rogers et al. 1986). These DNS results indirectly
suggest that a3 ~ 0.6 — a point that will be discussed in more detail later.

Closure of the transport equation (19) for the turbulent dissipation rate tensor is
achieved once a model is provided for the correlation N;; which encompasses the
effects of vortex stretching and viscous diffusion. We decompose Nj; into isotropic
and deviatoric parts as follows:

Nij = 3N&;; +pNy; (36)
where N = %Ni,-. The isotropic part of (36) is usually modelled in the classical form
2

& &
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where # = —1,;00;/0x; is the turbulence production and C;; and C,, are constants in
equilibrium. This will be discussed in more detail later. When local isotropy is invoked,
(34), (36) and (37) yield the classical modelled transport equation (cf. Lumley 1978
and Speziale 1991)

2
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It should be remembered that when local isotropy is assumed,
&j = 2ed;, Ny =3NJ (39)
and
fijt = 1580101 — 15€(358 1 + O k04 (40)

which reduces the trace of (19) to (38) given that (37) is valid.
For homogeneous turbulence, the turbulent kinetic energy K is a solution of the
exact transport equation

K=2—¢ (41)

which follows from a contraction of (11) since II}; is traceless. From (38) and (41), it
follows that the inverse of the turbulent time scale ¢/K satisfies the transport equation

d /e P &
3 (7)) =[c-vZ o] @)
For isotropic turbulence, where # = 0, (42) renders ¢/K — 0 as t — oo (ie. the
turbulent time scale K /e grows monotonically according to a linear power law). In
the limit in which local isotropy holds exactly for a turbulent flow which is anisotropic
at the large scales, there should be a complete decoupling of the large scales from
the small scales through nonlinear scrambling. Then, as with the case of isotropic
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turbulence, it could be hypothesized that the turbulent time scale should also grow
monotonically in an anologous way, becoming infinite in the limit as ¢ — oo. Unless
C.1 = 1, K /e goes to a finite fixed point (see Speziale 1990). Hence, we hypothesize that

Csl - 1 (43)

for full consistency with the limit of local isotropy. The constant C,, can be eval-
vated from the decay of isotropic turbulence. Equation (38) renders the long-time
asymptotic power law decay

K ~ /(€= (44)

where C,, ~ 1.83 based on the average of the isotropic decay experiments of Comte-
Bellot & Corrsin (1971).

The principal role of the deviatoric part of Nj; is to generate a return to isotropy
in the absence of mean straining. For example, the homogeneous experiments of
Maréchal (1972) indicate that at moderate turbulence Reynolds numbers, mean
straining can induce significant anisotropies in the small scales. However, when the
straining is removed, the small scales rapidly return to isotropy. In the absence of
mean velocity gradients, (19) implies that

pé&ij = pNij (45)

where pe;; represents the deviatoric part of the dissipation rate tensor. The return to
isotropy can be described by the simple relaxation model
. C:S

Déij = —TFDSU (46)
where C;s is a constant and T is an appropriate time scale. Equation (46) is analogous
to the Rotta return to isotropy model used in the Reynolds stress transport equation.
There is some question as to what is the proper choice of the time scale T. One may
be tempted to pick the Kolmogorov time scale (v/¢)'/2. However, then

1 12 €
—_ =R/
‘K

T
(where R, = K?/ve is the turbulence Reynolds number) which would imply that
1/T — oo as R, — oo. This is a highly questionable result in that it suggests
that at moderately high turbulence Reynolds numbers there would virtually be
an instantaneous return to isotropy. This is not consistent with the most recent
experiments which indicate non-negligible small-scale anisotropy at relatively high
turbulence Reynolds numbers (see Sreenivasan 1991). Hence, the time scale T is
probably a more complex combination of the Kolmogorov time scale (v/¢)!/> and the
turbulent time scale (K /¢). This then leads to a model of the form

€
pN;j = _CSSE (e — %851‘1‘) (47)

where

Cis = Cis(R). (48)
If one accepts the Kolmogorov hypothesis of local isotropy, then C,;5; — oo as R, — oo.
However, as alluded to earlier, the recent experiments of Sreenivasan (1991) tend
to indicate that astronomically large turbulence Reynolds numbers may be needed
for local isotropy to be valid in a strong approximate sense (Durbin & Speziale
1991 raised questions as to whether significantly strained turbulent flows ever become
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isotropic at the small scales even in the limit as R, — o0). Consequently, for the
turbulence Reynolds numbers encountered in practical flows — which are usually
at most only moderately high — C,s can be approximated as a constant. Then, the
relaxational experiments of Maréchal (1972) on the return to isotropy of the small
scales indicate that
Cs~ 50 (49)

as first determined by P. Durbin (private communication) by a comparison of the
experimental rate at which the small scales return to isotropy with the analytical
solution to (46). Calculations have indicated that a value of 5.80 works best with the
overall model presented herein as will soon be explained.

We now have closure of the homogeneous dissipation rate transport equation (19).
This modelled transport equation takes the form

) 0v; i | 16 =
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are the mean rate of strain and mean vorticity tensors. Equation (50) is obtained by
substituting (34), (37) and (47) into (19). The striking thing about this model is that
it contains only two additional constants over those which appear in the traditional
modelled scalar dissipation rate equation. As mentioned before, the constants o;
and C,; have been determined to take the approximate values of 0.6 and 5.80,
respectively. This was accomplished by using the DNS data of Rogers et al. (1986)
for homogeneous shear flow and the relaxational experiments of Maréchal (1972)
along with other physical constraints to be discussed later. The results of Rogers
et al. (1986) for homogeneous shear flow indicate that the equilibrium value of the
shear component of the anisotropy of dissipation is given by

d12 ~ —0.06

where

to within, at most, a 3% deviation in their three best-resolved runs. This is the most
important component since it is the only contributor to the production of dissipation.
On the other hand, the normal components of d;; exhibit as much as a 50% deviation
between runs making them unsuitable for purposes of model calibration. With the
choice of constants o3 = 0.6 and C,5 = 5.80 we predict the equilibrium value

di, = —0.057

in homogeneous shear flow with the most energetic growth rate in rotating homo-
geneous shear flow correctly placed at Q/S = 0.25 — without enforcing Richardson
number similarity which is known to be violated — overcoming an earlier deficiency
in second-order closures (see Speziale, Sarkar & Gatski 1991 for more details).

Two different approaches can be pursued at this point for more general turbulent
flows: (a) turbulent diffusion terms can be added to the right-hand side of (50) via
a gradient transport hypothesis or (b) an algebraic model can be obtained from (50)
by invoking a local homogeneous equilibrium hypothesis. Since the former approach



Anisotropies in the turbulent dissipation rate 163

requires the solution of an additional five transport equations in three dimensions
— along with the added complication of providing boundary conditions for each
component of the dissipation rate tensor which may be infeasible in many flow
situations — we will pursue the latter approach which appears to be more practical
for complex flows.

For homogeneous turbulent flows in equilibrium,

d d /e
L) =0, 7(7)20 52
a4 dt \K (52)
since all structural quantities achieve constant values that are largely independent of

the initial conditions in the limit as t — oo (the same is true of b;; and dff)). Equation
(52) implies that

éij 8,‘]‘ . & & .
—_— e —_—— 7K —
2 2wt =% g k=0 (53)
and, hence, after (41) is made use of, we have
. e (P
Sij = E <8 — 1) 8ij (54)

in equilibrium. The substitution of (54) into (50) yields the linear algebraic system of
equations

? ov; oo, 2. —
- (? - 1) dij = —d - djki + gdklsklfsij - Casidij

K ikéTck axk K
—&Si+ (Bos+ 1) (duSi + dpSik — 3duSidy))
— (%063 — }*(1)) (diijk + djkWik)- (55)
In obtaining (55) we have made use of the fact that
P € —
(Car — I)E —(Caa— I)E — (o + 1) duSu =0 (56)

in equilibrium which follows from (38), (41), (42) and (53).

The linear system (55) can be solved by integrity bases techniques; this is completely
analogous to the way algebraic stress models are obtained from the Reynolds stress
transport equation (see Pope 1975 and Gatski & Speziale 1993). For two-dimensional
mean velocity gradients — which tend to generate the largest anisotropy — the solution
of (55) is given by (see the Appendix)

K Los + & K> -
di; = —=2C, | —S; U= N (S Wi + SaWe
j n p J+(C55+9/8—1 82( k kj+ Jjk k)
30 2 2
ns—hn \Ke s i
SiuSki — 3SuSwoii 57
+<C85+ﬂ/8—1> gz(kk] 3OOk ])] (57)

where

2
C,. = 1 142 %063-1-% é2_% %O%_ﬁ ’72
" 15(Cos + P /e — 1) Cos + P/c— 1 3\Cs+2/c—1 ’
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Case Rogallo (1981) ADRM

BSHOU —0.064 —0.056
BSH11K —0.063 —0.056
BSHI12R —0.064 —0.056

TABLE 1. A comparison of the predictions of the ADRM(57) for dy, with results from
Rogallo (1981).

=G8N = wynt (59
For three-dimensional mean velocity gradients, the solution to (55) is much more com-
plicated; it contains nine terms rather than three (it is of the same tensorial form as
the three-dimensional algebraic stress model; see Gatski & Speziale 1993). However,
for three-dimensional strain-dominated flows, (57) represents an excellent approxi-
mation; furthermore, for the general three-dimensional case, (57) still constitutes the
leading-order terms. On this basis, we propose to use (57) for simplicity.

The key feature that distinguishes (57) from all previously proposed algebraic
models for the anisotropy of dissipation is that it is nonlinear in the mean velocity
gradients. Previously proposed algebraic models have, for the most part, been param-
eterized in terms of the Reynolds stress anisotropy tensor b;; — a point to be discussed
later (cf. Lumley 1978; Hallbidck, Groth & Johansson 1990; Lee & Reynolds 1985).
Another interesting point is the way that C,s appears in (57)—(58). Consistent with the
limit of local isotropy, d;j — 0 as C,s — co as mentioned earlier. Since the dissipation
equilibrates on a much faster time scale than the Reynolds stress tensor, we believe
that an algebraic model has the potential to be successful under a fairly wide range
of circumstances.

It is our purpose to develop a model that is suitable for use in practical turbulent
flows that have moderate to relatively high turbulence Reynolds numbers. One of the
few existing DNS databases that fits this category is that for homogeneous shear flow.
Since homogeneous shear flow allows computations to be done for a longer elapsed
time — and since the turbulent kinetic energy and, hence, the turbulence Reynolds
number grow exponentially — moderately large turbulence Reynolds numbers are
achieved by the conclusion of these runs unlike in plane strain, the axisymmetric
expansion/contracton or relaxational turbulent flows. Thus, as explained herein, we
came to the conclusion that homogeneous shear flow was the only useful DNS
database for the purposes of quantitative comparisons. Since the results of Rogers et
al. (1986) were used for the model calibration, it would be useful to also check the
model with the DNS results of Rogallo (1981). A comparison of the predictions of
the new algebraic anisotropic dissipation rate model (ADRM) for d;, are compared
in table 1 with the final values taken from three of the runs of Rogallo (1981) for
homogeneous shear flow. It is clear that these results are in line with those of Rogers
et al. (1986) and that the new model does a good job in capturing the crucial shear
component of the dissipation rate anisotropy tensor. As with the DNS results of
Rogers et al. (1986), we do not compare with the normal components of d;; since the
data exhibit more than a 50% spread in the results between runs. The new algebraic
model for the dissipation rate anisotropy will be analysed more extensively in the
Sections to follow.
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4. The scalar dissipation rate equation

In this Section, a more systematic analysis of the scalar dissipation rate equation will
be presented which accounts for the effects of anisotropic dissipation. The algebraic
model (57) will be relied on heavily. From the contraction of (19), it follows that

1. OT; Ou;0u; Ouy, 0w 0%y
= —2e(dy; +d\) — — 2y 92 ' 60
¢ e(dij + diy) 0x; vé‘xké’xl@xl Y 0x,0x; 0x1.0X; (60)
where it should be noted that
Ou; Ou; Oy, , 0%up 0%y
N=-2 —— = . 61
v ka ax, axl Y é‘xkax, 6xk6xl ( )

The first term on the right-hand side of (61) represents the production of dissipation
by vortex stretching whereas the second term represents the destruction of dissipation
by viscous diffusion. For isotropic turbulence,

Ou; Ou; Oy 7 12 &

N v@xk&‘x;@x1_3ﬁ K%K

where Sk is the velocity derivative skewness (cf. Speziale & Bernard 1992). The
destruction of dissipation is of the form (cf. Speziale & Bernard 1992)

0%u;  0%u; 7 12 & 2
pA R L= GkR"* = +0 (< 63
Y 0x;0xy 0x;0x;  3./15 K%k + K (63)

where G is a palinstrophy coefficient. Typically, an equilibrium hypothesis is invoked
whereby it is assumed that

(62)

SK = GK. (64)
This guarantees that the turbulence evolves on the turbulent time scale rather than
on the Kolmogorov time scale which, at high Reynolds numbers, would constitute
rapid changes characteristic of a highly non-equilibrium state. This is also in keeping
with the traditional approach of modelling the dissipation as that which arises from
the energy cascade which allows us to parametrize quantities in terms of large-scale
fields. Hence, for isotropic turbulence in equilibrium at high Reynolds numbers,

2

€
N = _CSZE (65)
where C,, is a constant. In anisotropic turbulent flows, (65) is extended as follows:
& . ov;
N=—-Cyp— —N" (b, —,K, 66
oy < " 0x; 8) (o)

where N* — 0 as b;; and 0v;/0x; — 0. For small b;;, a first-order Taylor expansion of
N*, subject to dimensional invariance, yields the result

2 —

& 6Ui

N=— SZE - 2C£1bijaixj8 (67)
where C,; is a constant. Upon substituting the definition of b;;, we arrive at (37)
discussed in §3.

As mentioned earlier, if in the limit of local isotropy the small scales are to
completely decouple from the large scales, it can be hypothesized that C, = 1.
In equilibrium, the coefficient C,, is a constant at high Reynolds numbers; in the
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isotropic limit, C,, must be in the range of 1.70 to 2.0 to collapse the decay rates of
existing experiments.
By making use of (35) and (37), it follows that (60) takes the form

82

. & T
&= CL1E9—2(1 +a)8dijsij_C82E (68)

where

o= % (%fu—%). (69)
When (57) and (68) are solved with the Reynolds stress transport equation (11) — and
a model for the pressure—strain correlation is provided as will be discussed later — a
complete Reynolds stress closure for homogeneous turbulence is achieved.

Equation (68) accounts for the direct effect of anisotropies in the dissipation on the
scalar turbulent dissipation rate. It is to be used with the algebraic model (57) derived
in §3 when implemented in the context of a full Reynolds stress closure based on the
solution of (11). However, a more convenient form can be obtained that is suitable
for use with two-equation turbulence models. For homogeneous mean turbulent flows
that are two-dimensional and in equilibrium, second-order closures yield the Reynolds
stress tensor (see Gatski & Speziale 1993)

1 K?_ K3 —
1 = 3K oy — T + 282 2Cu?sij + V3ST(Sikaj

3

o K _ o
+S i Wij) — V4 (SiSkj — 18uSudi) | (70)

where C, and y; — y4 are constants. This form constitutes an excellent approximation
for turbulent flows that have mild departures from equilibrium and mild to moderate
three-dimensional effects provided that they are strain dominated. For such flows,
(70) yields
?} *
—= 2Cn° (71)
where
* = C/L .
Y L=y 438
Substituting (57) into (68) — after making use of (58), (59), (71) and (72) — yields

(72)

2

. « € e
&= Csl ?f@ — CQE (73)
where
2(1 Cis+2Cn*—1
=yt 2t ey M (74)
15C; | (Cys + 2Cm? — 1) — 53> + 2B
and
B = %063 + ﬁ, B = %013 — ﬁ (75)

In practical applications, C, can be approximated by its equilibrium value of C; ~
0.094 for shear flow. It is clear that we have C;; = C};(n, £). The physical consequences
of this dependence will be discussed in the next Section.

Finally, to conclude this Section, some comments are in order concerning inho-
mogeneous and non-inertial effects. For both the complete algebraic dissipation rate
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model and its simplified equilibrium form, the scalar dissipation rate equation can be

written in the form
2

&
éz@s_CSZE (76)

in homogeneous turbulence where the production term %, is given either by the first
two terms on the right-hand side of (68) or by the first term on the right-hand side
of (73). It can be extended to inhomogeneous turbulent flows by the addition of
turbulent diffusion terms which can be modelled via the standard gradient transport
hypothesis (cf. Speziale 1991). This yields the following transport equation:

0e _ O¢ & 0 (K 0¢
a +Ui67xi = ‘@8 - CS2E + C¥67Xl (8‘Cijaxj'> (77)

where C, is a constant that takes a value of approximately 0.15 in order to yield
the correct von Karman constant in boundary layers (see Launder et al. 1975). For
inhomogeneous turbulent flows, the mean substantial derivative replaces the time
derivative on the left-hand side of (76).

In non-inertial reference frames, Coriolis terms must be added to the right-hand
side of (11) and (50). Furthermore, the mean vorticity tensor that appears in the
pressure—strain model in (11), as well as on the right-hand side of (50), must be
replaced with the absolute mean vorticity tensor

W; = W,‘j + emj,»Qm (78)

where Q,, is the angular velocity of the reference frame and e,;; is the permuta-
tion tensor. When these non-inertial effects are rigorously introduced, the algebraic
dissipation rate model (57)—(59) still holds if the extended definition of W;; is used:
Tos + 12e
7063 + 1

7E R—
Wij = Wij + minm' (79)
The definition of ¢ given in (59) must then be replaced with ¢ = (WiEjWiEj)l/ ’K /e.
Non-inertial effects are then systematically accounted for in the algebraic dissipation
rate model.

A few comments need to be made about the simplified near-equilibrium model
(73)—(74). As shown by Speziale (1990), for any dissipation rate model of the form
(73), C;; = 1 constitutes a bifurcation point. For turbulent flows that are far from
equilibrium (particularly, when # > 1), the simplified model (73) has the capability
of rendering values of C;; that are close to 1 when C,; = 1. Consequently, when
used with a two-equation model, it may be advisable to raise the value of C; in
(73)—(74) to a value greater than 1.15 (we have used values as large as 1.20). With
this adjusted value, acceptable equilibrium results for benchmark turbulent flows are
still obtained and potential problems in non-equilibrium situations are avoided by
staying sufficiently far away from the bifurcation point. There are no such difficulties
with the complete algebraic dissipation rate model given by (57) and (68) where we
can set C,; = 1.

5. Illustrative tests and comparisons

We will first show results for the new dissipation rate model corresponding to the
problem of homogeneous shear flow in a rotating frame (see figure 1). This problem is
chosen since it encapsulates the stabilizing or destabilizing effect of a system rotation
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FIGURE 1. Schematic of homogeneous shear flow in a rotating frame.

on basic shear flow, unencumbered by the complicating features of turbulent diffusion
and wall blocking. At time ¢t = 0, an initially isotropic turbulence is subjected to a
uniform shear rate S and a system rotation Q specified by

- 0 S 0
i— o0 0| =00 (80)
0x; 00 0

where S and Q are constants. Due to the isotropic initial conditions, (b;;)o and (d;j)o
are initially zero, where a subscript 0 denotes the initial value. The solution then only
depends on SK/g and 2/S. In the limit as 2 — 0, we have pure homogeneous shear
flow and, in the limit as § — 0, we have isotropic turbulence in a rotating frame.

In figure 2(a—c), we show the time evolution of the turbulent kinetic energy for
three different values of the ratio of rotation to shear rate: Q/S = 0, 0.25 and 0.5
(here, K* = K /K, and t* = St). The model calculations are all based on the Speziale
et al. (1991) pressure—strain model (hereafter, referred to as the SSG model) which is
given by

II;; = —Ciebj + Cae (bibrj — Lbybidij)

v i - _ _ @81
+C3K S + C4K (biSj 4 buSiu — 3biSudij) + CsK (buW i + by W)

where
Ci=34+182/s, C; =42, Cy=1%—130(byb;)"?, Cy=125 Cs=040. (82)

Three sets of model results are displayed corresponding to the SSG model: one using
the full tensor dissipation rate transport model (50), another using the complete
algebraic dissipation rate model (57) with (68), and another based on the standard
isotropic dissipation rate model (38) with C;; = 1.44 and C,, = 1.83. All of the model
results are compared with the large-eddy simulations (LES) of Bardina, Ferziger &
Reynolds (1983) for an initial condition of SKy/&y = 3.38. From figure 2(a) for pure
shear flow (/S = 0), it appears that the full tensor dissipation rate transport model
only yields a minor improvement to the isotropic dissipation rate transport model.
The important point is that the algebraic dissipation rate model yields a reasonably
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FIGURE 2. Time evolution of the turbulent kinetic energy for homogeneous shear flow in a rotating
frame: comparison of the model predictions with the large-eddy simulations of Bardina et al. (1983).
(a) 2/S =0, (b) 2/S =0.25 and (¢) 2/S =0.5.

good approximation to the full tensor dissipation rate transport model. The same is
true of the 2/S = 0.25 and Q/S = 0.5 cases shown in figures 2(b) and 2(c). It is
encouraging to note that the /S = 0.25 case is better represented by the anisotropic
dissipation rate model. While virtually all second-order closures underpredict the
growth rate of this highly energetic case, the addition of anisotropic dissipation leads
to a considerable improvement as shown in figure 2(b) and places the most energetic
state, by far, at Q/S = 0.25 as mentioned earlier.

In figure 3(a,b), composites of the LES, anisotropic dissipation rate model, and IP
model predictions for rotating homogeneous shear flow are shown for Q/S =0, 0.25
and 0.5. It is clear from these composite results that the new algebraic anisotropic
dissipation rate model does an excellent job in capturing the trends of the LES
whereas the IP model does poorly. One notable feature about these results is the
fact that, with the anisotropic dissipation rate model, equilibrium values of 2 /¢ are
predicted that depend on Q/S. The new anisotropic dissipation rate model predicts
that when Q/S =0 : (#/¢), = 1.90, when Q/S = 0.25 : (#/¢),, = 3.64, and when
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FiGUure 3. Composite of results for the time evolution of the turbulent kinetic energy in rotating

homogeneous shear flow. (a) Large-eddy simulations (LES) of Bardina et al. (1983) and new
anisotropic dissipation rate model (ADRM), and (b) LES and IP model.

Q/S =05 :(2/e), = 1.78, where (-),, denotes the equilibrium value obtained in
the limit as t — oo. This is physically consistent since the model predicts the more
energetic cases to have larger equilibrium values of 2/e. On the other hand, any
traditional second-order closure with the standard isotropic dissipation rate model
(38) erroneously predicts a universal equilibrium value of (see Speziale 1990)

P Cp—1
(8>oc B C31 —1 (83)

for any homogeneous turbulent flow. While the specific quantitative comparisons for
rotating homogeneous shear flow may only appear to constitute a modest improve-
ment when anisotropic dissipation is added to the SSG model (see figure 2) they
constitute a major improvement over the commonly used IP model with isotropic
dissipation as can be seen from figure 3(b). We provide results of the IP model as a
benchmark since this model is so widely used. The IP model is a simplified version
of the Launder et al. (1975) pressure—strain model which is a special case of (81)
for which C; = 3.6, C;, =0, C; = 4/5 and C4 = Cs = 1.20; it is solved along
with (38) wherein C,; = 1.44 and C,, = 1.90. It is clear from figure 3(b) that the
IP model prematurely restabilizes (at /S ~ 0.37) and does not respond properly
to changes in the rotation rate. This illustrates the relative importance of using the
proper pressure—strain model.

The new anisotropic dissipation rate model was compared with the same range of
homogeneous turbulence DNS results from Speziale et al. (1991) and Speziale, Gatski
and Sarkar (1992). The new model, in most cases, yielded only modest improvements
over the standard SSG model with isotropic dissipation. One notable exception was
the C128U DNS case of Rogers et al. (1986) for homogeneous shear flow. (This
particular DNS case was chosen because it is the best resolved of the group studied
by Rogers, private communication.) Here the, addition of the anisotropic dissipation
rate model led to a significant improvement over the predictions of the SSG and IP
models with isotropic dissipation. This can be seen clearly in figure 4(a,b) for the time
evolution of the turbulent kinetic energy and scalar dissipation rate.
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FIGURE 4. Comparison of the model predictions with the DNS results of Rogers et al. (1986) for
homogeneous shear flow. (@) Turbulent kinetic energy and (b) turbulent dissipation rate.

Equilibrium  ADRM 1P DNS
values model model
b 0.216 0.190 0.215
bi» —0.159 —0.185 —0.158
by —0.139 —0.095 —0.153
b33 —0.082 —0.095 —0.062
SK /¢ 5.98 5.42 5.70

TaBLE 2. Equilibrium values for homogeneous shear flow: comparison of the new anisotropic
dissipation rate model (ADRM) with the IP model and with the DNS of Rogers et al. (1986).

Equilibrium  ADRM 1P Experimental
values model model data
by 0.198 0.148 0.22
bi, —0.153 —0.170 —0.16
by —0.122 —0.074 —0.15
b33 —0.077 —0.074 —0.07
SK /¢ 3.27 2.95 3.1

TaBLE 3. Equilibrium values for the logarithmic region of a turbulent boundary layer: comparison
of the new anisotropic dissipation rate model (ADRM) with the IP model and with the mean
experimental data of Laufer (1951) from channel flow.

In table 2, the equilibrium values for homogeneous shear flow predicted by the new
algebraic anisotropic dissipation rate model (ADRM) are compared with the DNS
results of Rogers et al. (1986). In table 3, the results predicted by the new anisotropic
dissipation rate model for the logarithmic region of an equilibrium turbulent boundary
layer (where 2/¢ = 1) are compared with experiments. It is clear that these results
are excellent in comparison to the IP model whose results are also displayed to
provide a benchmark as mentioned earlier (the results, however, only constitute a
mild improvement over those obtained from the SSG model with isotropic dissipation
as indicated earlier; also see Speziale et al. 1991). Since the equilibrium turbulent
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boundary layer forms a cornerstone for many engineering calculations, it is important
to do well here. The new model does so and without wall reflection terms (see Abid
& Speziale 1993).

At this point, some comments are in order concerning how the new model compares
with previous proposals. Most previously proposed algebraic models for d;; have been
parameterized in terms of the Reynolds stress anisotropy tensor in the form

dij = Cyrebij + Cope (bibyj — Sbiibudi)) (84)

where C,;; and Cy, are either constants or functions of the invariants of b;; (see Lumley
1978 and Hallbédck et al. 1990). When models of this kind have been used, they have
tended to be solved with the same scalar dissipation rate equation (38) that applies
when anisotropies in the dissipation rate are neglected — an obvious inconsistency. As
shown by the analysis presented herein, there should be a nonlinear dependence on
the mean velocity gradients that is different than that for the Reynolds stress tensor in
equilibrium (the reader should compare the coefficients of (57) and (70)). Obviously,
due to some nonlinear scrambling, the mean velocity gradients do not imprint the
same anisotropy on the large and small scales.

A variety of empirical models have been proposed over the years where the
dissipation rate is modelled as

, &

1:2E
where C;, is a function of the mean velocity gradients. Models of the form (85) can

be converted to the form (73) by the introduction of a suitable dependence of C;; on
2P /e. Pope (1978) proposed a model that is equivalent to (85) with

&€
b= Cup?—C (85)

_ _ __ K3
C,, =192—-0.798;W Wk,-g—3 (86)

in an effort to resolve the round jet/plane jet anomaly. However, this mean velocity
gradient correction to C;, vanishes in two-dimensional mean turbulent flows, thus
rendering no correction to the benchmark flows considered in this study. Furthermore,
there is an additional problem with this proposal. The commonly used dissipation
rate equation (38) — as well as the modifications proposed herein — guarantee that
¢ = 0 1is a fixed point (i.e. when ¢ vanishes, ¢ also vanishes). This is crucial to guarantee
at least limited realizability, namely positive values for the turbulent kinetic energy
and dissipation rate in all homogeneous flows (see Speziale 1990). The Pope (1978)
proposal violates this fixed point constraint and therefore can yield unrealizable results
for the turbulent kinetic energy and dissipation rate in homogeneous turbulence. Such

basic violations of realizability are almost always computationally fatal.
The Hanjalic & Launder (1980) modification is also of the form (85) with

. K? av; 01,

C, =192+ 0.2787emije,,lk,a—xjafx’; (87)

and, as with the Pope correction, C;; = 1.44. Since
0v;

6xj

= §ij +W,‘j

it follows that the Hanjalic & Launder (1980) correction can be written in the form
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FIGURE 5. Decay of turbulent kinetic energy in rotating isotropic turbulence: comparison of the
Hanjalic & Launder (1980) (H-L) model with the standard model and with the experiments of
Wigeland & Nagib (1978). (a) 2Ky /gy = 0.123 and (b) QK /g9 = 0.469.

(73); for near equilibrium turbulent flows where (71) applies it takes the form

é2

C = 1440272
Cin?

(88)

with C,, = 1.92. For consistency, the absolute mean vorticity tensor (78) must be
used in the definition of ¢ in non-inertial frames. Calculations for the two limits of
rotating homogeneous shear flow — namely, for S = 0 and Q = 0 — are revealing.
The former case (S = 0) corresponds to isotropic turbulence in a rotating frame.
In figure 5(a), the decay of turbulent kinetic energy in rotating isotropic turbulence
predicted by the Hanjalic & Launder model is compared with the predictions of the
standard model (38), where C;; = 1.44 and C, = 1.92, and with the experimental
data of Wigeland & Nagib (1978) for QK,/ey = 0.123. In this figure, K* = K /K, and
T = &ot/Ky. It is clear from these results that the Hanjalic & Launder model reacts too
strongly to this weak rotation, predicting a reduction in the decay rate that is overly
large. In figure 5(b), the same comparisons are made for the stronger rotation rate
of QKy/ey = 0.469. This rotation rate causes a modest reduction in the decay rate
that cannot be predicted by the standard model which ignores rotation. However, the
Hanjalic & Launder model predicts too strong a reduction in the decay rate for 7 < 2;
then the model becomes unrealizable when t ~ 4 (it predicts a negative dissipation
rate which is computationally fatal). The problem with realizability becomes clear
when one analyses the dissipation rate equation associated with the Hanjalic &
Launder model which can be written in the form

2
f 144l p 1908 _ ==
b= 1447 — 192 —02TKoo, (89)

where @; = e;;;00;/0x;+2€; is the absolute mean vorticity. Unlike the standard model,
the Hanjalic & Launder modification allows for the possibility that ¢ < O when e =0—
a mathematical feature that can lead to serious violations of realizability through the
development of negative dissipation rates. The reduction in the decay rate of isotropic
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FIGURE 6. Time evolution of the turbulent kinetic energy in homogeneous shear flow: comparison
of the predictions of the Hanjalic & Launder (1980) model with the standard model and with the
large-eddy simulation of Bardina et al. (1983).

turbulence from a system rotation results from a non-equilibrium effect whereby (64)
breaks down (see Mansour, Cambon & Speziale 1991). It cannot be properly modelled
by ad hoc rotational corrections to the coefficient C,,. In figure 6, the Hanjalic &
Launder (1980) model is compared with the standard dissipation rate model — as
well as with the LES results of Bardina et al. (1983) — in homogeneous shear flow
(2 =0, S > 0). From these results it is obvious that the Hanjalic & Launder model
has a growth rate that is far too large. The application of a discernible rotation rate
makes the model unrealizable. It is thus clear that the introduction of an ad hoc
functional dependence on the mean velocity gradients in the coefficient C., can cause
serious problems.

Now, we will present two more challenging applications involving inhomogeneous
turbulent flows — one of which is wall bounded. To be specific, we have considered
the spatially evolving turbulent plane wake as well as turbulent flow in a square duct.
We will consider the latter flow first, which is fully developed corresponding to a
Reynolds number Re = 4800 based on the duct width and centreline mean velocity.
Due to the fact that the Reynolds number of the DNS is somewhat low, we will only
be able to make qualitative comparisons (simulations of the companion problem of
turbulent channel flow have tended to indicate that the qualitative features of the
flow are quite similar between high and low Reynolds number cases). In figure 7(a),
we display the secondary flow pattern in a square duct (for one quadrant of the
duct) obtained from the DNS of Gavrilakis (1992) for a Reynolds number Re = 4800
(also see Mompean et al. 1996). The corresponding secondary flow pattern obtained
from the SSG second-order closure with the new algebraic anisotropic dissipation
rate model (ADRM) is displayed in figure 7(b). As is evident from these results, the
qualitative agreement is quite good. On the other hand, when the SSG second-order
closure is applied to this flow with the standard isotropic dissipation rate model,
the results are not so favourable as shown in figure 7(c). With isotropic dissipation,
the SSG model erroneously predicts the presence of enhanced secondary flow cells
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Ficure 7. Computed secondary flow pattern in a square duct (Re = 4800): (a) DNS of Gavrilakis
(1992), (b) SSG model with ADRM, and (¢) SSG model with isotropic dissipation (calculations by
G. Mompean).

near the duct corner which are not supported by DNS. These results were obtained
with the variable-C;, formulation of the ADRM given by (57) and (73)—(74) with the
inhomogeneous generalization (77); the integration was performed with wall functions
to avoid the ambiguities associated with near-wall modelling.

In order to provide some more detailed quantitative comparisons, we considered
the spatially evolving flat-plate turbulent wake that was measured recently by Marasli,
Champagne & Wygnanski (1991). This is at a Reynolds number Rey =~ 1000 based on
the momentum thickness where the measurements were taken far enough downstream
to ensure complete self-similarity. In figure 8, results for the turbulent kinetic energy
profiles in the far-field wake are displayed that were computed by Cimbala (1995).
Here, we compare the predicted results for the SSG model — with anisotropic as well
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FIGURE 8. Comparison of the SSG model predictions with the experiments of Marasli et al. (1991)
for the turbulent kinetic energy profiles in the turbulent plane wake (calculations by J. M. Cimbala).
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FIGURE 9. Comparison of the SSG model predictions with the experiments of Marasli et al. (1991)
for the Reynolds shear stress profiles in the turbulent plane wake (calculations by J. M. Cimbala).

as isotropic dissipation — with the far-field wake measurements of Marasli et al. (1991).
It is clear from these results that the inclusion of the new anisotropic dissipation rate
model leads to a considerable improvement. The same is true of the corresponding
Reynolds shear stress profiles that are provided in figure 9 (see Cimbala 1995). Again
all of these results were obtained with the variable-C;; formulation of the ADRM
given by (57), (73)—(74) with the inhomogeneous generalization (77).

Finally, it should be noted that recently some isotropic dissipation rate models of
the form (73) have been proposed where C;; = C;,(n). Yakhot et al. (1992) developed
an RNG-based K — ¢ model with a dissipation rate transport equation of the form
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(73) where

. n(1 —mn/no)
=142 0TV
Cz,l 1+ﬂ7]3

and no and B are constants. The specific form of (90) was arrived at via a heuristic Padé
approximation. This model has been shown to outperform the standard K — ¢ model
of Launder & Spalding (1974) in flows involving vortex shedding and separation.
Lumley (1992) proposed a dissipation rate model that depends on the history of #;
for near equilibrium turbulent flows that model is equivalent to (73) with

Cly oc 1/ 91)

While these models are interesting, they do not rigorously account for the effects of
anisotropic dissipation which lead to a dependence on rotational as well as irrotational
strain rates through each of the invariants # and ¢ as shown herein.

(90)

6. Conclusion

A new model for the anisotropy of dissipation has been developed based on a
systematic analysis of the transport equation for the dissipation rate tensor ¢;. The
transport equation for ¢; was closed for homogeneous turbulent flows based on
tensor symmetry properties combined with scaling arguments and the assumption
that anisotropies in the dissipation rate are relatively small. Then, by invoking the
same equilibrium hypothesis that gives rise to algebraic stress models of turbulence,
an algebraic model for the anisotropy of dissipation was extracted from the transport
equation for ¢; by the use of integrity bases methods. This model differs from all
previously proposed models in two notable ways:

(i) The anisotropy of dissipation depends explicitly on the mean velocity gradients
in a nonlinear fashion, calling into question the commonly adopted practice of
combining the deviatoric part of the dissipation rate tensor with traditional pressure—
strain models which are linear in these terms as provided in (14).

(i) This anisotropy gives rise to a scalar dissipation rate equation where the
production of dissipation depends nonlinearly on the invariants of both rotational
and irrotational strain rates.

The new algebraic dissipation rate model was tested in homogeneous turbulence
and in the logarithmic region of an equilibrium turbulent boundary layer as well as
in two non-trivial inhomogeneous turbulent flows. All of the results obtained were
quite encouraging. Most notably, when the anisotropy of dissipation is accounted
for, equilibrium values for the ratio of production to dissipation are predicted that
depend on how the flow is strained. The traditionally used model — which neglects
anisotropies in the dissipation rate — erroneously predicts a universal equilibrium
value for the ratio of production to dissipation in all strained homogeneous turbulent
flows.

While previous dissipation rate models have been proposed which introduce addi-
tional nonlinear terms that depend on the invariants of the mean velocity gradients,
this is the first such model to be systematically derived (as shown in §5, ad hoc
models along these lines can be ill-behaved). In our opinion, an algebraic model for
the anisotropy of dissipation has reasonably good prospects for success since the
dissipation tends to equilibrate on a fast time scale. The alternative is to solve the full
&j transport equation (50) with the addition of turbulent diffusion terms. However,
since this substantially increases the level of computation required — and presents
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problems in providing boundary conditions for each component of the dissipation
rate tensor — we feel that this approach is debatable. Nonetheless, future research
can be pursued along these lines as has recently been done by Oberlack (1995) in
an interesting study. Further tests and refinements of this new algebraic dissipation
rate model are envisaged for the future. This initiative towards the more systematic
analysis and modelling of the dissipation rate tensor is a worthwhile effort that has
too often been neglected and warrants much future research.
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Appendix
Equation (55) constitutes a linear system of algebraic equations for the determina-
tion of d;;. This implicit system has an explicit solution of the form
dij = di(S, W) (A1)

with a parametric dependence on the ratio of production to dissipation, 2/¢. This
dependence is expected to be a polynomial due to the linearity of the system. The
most general polynomial representation of the form (A1) is given by

d=> GYT" (A2)
where T are the integrity bases. For two-dimensional mean velocity gradients § and

W, there are three linearly independent integrity bases (see Pope 1975 and Gatski &
Speziale 1993):

TV =35, (A3)

TOP=SW-WS, (A4)
3 =2 —=2

T =8" — 1te(S7)1, (AS)

where I represents the unit tensor and tr(-) denotes the trace. The direct substitution
of (A2) into (55) leads to a linear system of the form

AOTM 4 4QT@ 4 4070 ¢ (A6)

where the coefficients A depend linearly on G'”. This is arrived at after the Cayley—
Hamilton theorem is invoked which implies that

§ +1I8 =0, (A7)

W +1I;W =0 (A8)
for two-dimensional mean velocity gradients where II denotes the second invariant.
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From (A®6), it follows that
AL = 4@ = 40 = (A9)

due to the linear independence of the integrity bases. Equation (A9) provides a linear
system of three simultaneous equations for the determination of GV, G and G®). The
substitution of the resulting expressions for G* in (A2) leads to the representation
(57) for dij'
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